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The more one works with complex networks,

the more one tends to find them everywhere
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Discovery: What do real networks look
like even If we can’t actually look at them?

Modeling: How to model them?

Impact. How does the topology
of a network affect its function?

Control: How can the topological
characteristics be used to improve the
function of a network?
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Erdds published > 1,500 papers with > 500 coauthors
In his life time

Published 2 papers per month from 20-yearoldtodi e
of age 83

P. Erdos C. K. Chui G. R. Chen X. F. Wang
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Lesson 2.
Why Watts & Strogatz didn’t discover the power-law?

“We didn’t check! We were so convinced that nonnorm al
degree distributions weren’t relevant that we never

thought to look at which networks actually had norm al
degree distribution and which ones did not. ”

Don’t worry about reinventing the wheel!
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Lesson 3: Of Blind Men and Elephants

Researchers from different disciplines tend to appr oach the
same problem from different angles. The field of In  ternet
topology analysis and modeling must untangle sets o f
Inconsistent findings , conflicting claims , and contradicting
statements --- 2006 Workshop on Internet Topology Report

Interdisciplinary communication!
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Lesson 4.

A metabolic network lts Randomization

Same degree distribution, different properties!

Great care has to be taken to put the analysison s  olid statistical grounds.
Otherwise, our analysis will only tell us what we w ant to hear.
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Directly control every node in a huge-scale network
may be practically impossible,
It may also be unnecessary!

Simulations
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Pinning Control: Basic Problems

Feasibility Can the goal of control be achieved by onl
directly control a fraction of nodes?

--- Control Theory
Efficiency: How to select the nodes to be controlled so
that the goal can be achieved with a low cost?
--- Complex Network Theory

Focus on the complexity of the network
structure, but keep every other thing as
simple as possible.
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> A Dynamical Network Model

% T(x) leaﬁ X

Coupling matrix 1 ifi

A (a) " %9 0 otherwise

For undirected and
connected graph:

Eigenvalues of A 3 N
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Problem Description

Objective: Stabilize onto a homogeneous equilibrium:

X (1) %(D) % () X
is anequilibrium of an isolated node RGN0
Linear Error Feedback:  [UNEEele|(OIQRENY
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>V Stability Analysis via Linearization
Controlled Network:

N
. f(x) ¢ a x cd x X
| 1

J

X T(x) ¢ a % K

J

Linearize at desired equilibrium
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>Stability Analysis via Linearization

N
X T(x) ¢ g x cd X X, K 1,2,

i1

X T(x) c aq X, k | 1,1 2, ,N

_

X (1) X
D diag(d,,d, ,dy)
Df (X)

A (N*n)-D linear system!
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A (N*n)-D linear system!

_

.V oV T

v v DI(X) c v EEXORDERRIEEESYE L

N numbers of n-D linear systems!

aandBl' Di(X) c, V[Ik 12..N
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Stabllity Criterion: Feasibllity

A (N*n)-D linear system

Difficult to check stabllity

N numbers of n-D linear systems!

v Df(X) c, V[k 1,2,...N

Easy to check stability!

Stability criterion: [& ‘ /1‘
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Efficiency: Topology Matters

N
X, f(x) ¢ a, ¥ cd x 7X, kK 1,2,
| 1

J

N
. f(x) ¢ a %, k I'Ll 2 ,N
| 1

J

D diag(d,.d, .dy)

Stability criterion: [ ‘ / 1‘

How to choose pinned nodes so that the required
number of pinned nodes is minimum?
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Simplification we have made

N
. f(x) ¢ a x cd x X,
| 1

)

X f(x) ¢ a x

)

ldentical node dynamics

Linear coupling

Linear output

Additive control input

Linear error feedback

Without noise and time-delay
Desired homogeneous equilibrium
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Two Pinning Schemes

Specifically pinning scheme: pin a fraction of
most important nodes

Randomly pinning scheme: pin a fraction of
randomly selected nodes

How to characterize the importance of a
node?
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Pinning Control of a Scale Free Network

c | /|

Randomly

Specifically

3000 nodes and about 9000 edges
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Pinning Control of a Scale-Free Network
of Chua’s Circults

20% nodes are pinned

Specifically Pinning Randomly Pinning
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How to characterize node importance?

Undirected network:

Degree O

BC: The fraction of shortest
paths between node pairs
that pass through the node.

Out-Degree
277

Directed network: g
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Earlier Search Engines: Inverted Index

Hotbot, Yahoo, Alta Vista, Northern Light, Excite,
Infoseek, Lycos ...

Conceptually: use a matrix to represent how many nes a
term appears in one webpage

Pagel Page2 Page3 Page4d

1 0 1 0
0 2 0 1 P 2 mentions ‘toyota’ twice

2 1 0 0
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Birth of Google 1998

View Web as a Web!




WWW as a Directed Network

Nodes: Webpages (>10 billion)
Edges: Hyperlinks
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In-Degree of a Webpage

Number of links point to the page

ﬁh

7%

_>‘4_

Is page A more important than page B?

O
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Definition of PageRank

The importance of a page is given by the importance
of the pages that link to it.

Importance of page | Importance of page

pages that link to page | out-degrees of page |

ﬁh

7
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ControlRank (CR)

H <8

CR %CF; %CF; CR Cf




Pinning Control of a Scale-Free
Network of Lorenz Systems

Al
otherwise

X 8.4853 8.4853 27

@ 2004 SJTU




@ 2004 SJTU




OUTLINE

Complex networks: From analysis to control

Pinning Control: From regular to complex networks
Flocking Control: From fixed to switching topology

@ 2004 SJTU




Connection

A large number of agents ( network )
limited information ( local rules )
organize into a coordinated motion (  emergence )

~
e
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A complex network view of flocking

Each agent has limited communication
capabillity.

Node Agent

At any time t, there is an edge

between two agents if [|q (t)-q;(H)]|<r

A spatial complex dynamical
network with time-varying
(switching) topology
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A simple swarming problem

Given a group of moving agents in the plane with same
speed and randomly distributed initial directions { ‘

Each agent has a limited communication
capability )

Velocity Matching Problem

How can all the agents eventually move In
the same direction?
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Vicsek Model
P(k 1) RP(K y(Re™

‘The only rule of the model is at each time step a
given particle driven with a constant absolute
velocity assumes the average direction of motion

of the patrticles in its neighborhood of radius r

with some random perturbation added . We show

using simulations that, in spite of its simplicity,
this model results in a rich, realistic dynamics.’

vi(k) v
(k) (k1

Vicsek, et al., Phys. Rev. Lett., 75 (6), 1226, 1995
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Vicsek Model

(a) Initial: Random positions/velocities

(b) Small density/noise: grouped
Particles tend to form groups moving
coherently in random directions

(c) High density/noise: correlated
Particles move randomly with some
correlation

(d) High density / Small noise
Global consensus density=N/L 2

periodic boundary condition
Vicsek, et al., Phys. Rev. Lett., 75 (6), 1226, 1995
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How to Achieve Consensus In an
Influence Heterogeneous Network
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Radius Distribution
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Simulation Results

L 50 n 1250v 0.1
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Pinning control scheme

\ ( @

~
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The largest desired cluster

=2
O | / 7
|
|
g |

a

0.1 0.2 0.3 0.4
f

Heterogeneous Homogeneous

L 50 n 1250v 0.1 r 6
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Simulation Results

Suppose the directions of a small fraction of
selected agents are fixed at different directions.

Randomly

Specifically

0.06 0.08
f
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In Summary

Heterogeneity of the influencing radius distributio
Improves the direction consensus.

The hub agents is the key for the global direction
consensus.

Global consensus with desired direction can be
achieved in a heterogeneous influencing network onl
a small number of leading agents can be controlled
move along the desired direction.
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Flocking Control Problems

Suppose that each agent has limited capability.
In order to create a coordinated motion

What kind of basic rules should each
agent follow?

How to design distributed algorithms
so that these rules hold?

Can we guarantee stability of the
coordinated motion?
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Classical Boids Model

Velocity Matching (Alignment)

attempt to match velocity with nearby flockmates

Flock Centering (Cohesion)
Stay close to nearby flockmates

Collision Avoidance (Separation)
avoid collisions with nearby agents

Reynolds Flocks, Herd, and Schools: A Distributed BehavioraModel’, Computer
Graphics, 21(4),1987.
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Extensions
Alighment Separation Cohesion

Obstacle Avoidance Goal Seeking (Tracking)

How to design distributed control algorithm

Algorithms for each agent so that some or all the above

goals can be achieved?

Reynolds Flocks, Herd, and Schools: A Distributed BehavioraModel’, Computer Graphics, 21(4),1987.
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ocking Control Algorithm

g Position

P Velocity

Goals of Control:

Velocity Alignment ~ [[p, p, || C

Cohesion g g || d C

Separation ] N

Quasi -lattice
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Separation & Cohesion
Artificial Potential Function Method

Goal of Control:
g q Il d, J N

a combination of attraction and repulsion
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Alignment - Consensus Protocol

g Position

1,....N P Velocity

Goal of Control: Alignment ||p P || C

ST (P, R)
J N (1)
o r
L L )

Consensus is reached asymptotically if there exists Infinitely
many consecutive uniformly bounded time intervals s uch that
the union of the graph across such interval is conn ected.
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Tracking - Navigational feedback

g Position

1,....N P Velocity

Goal of Control:
Tracking [P p || C

Virtual leader:

q p
Navigational feedback: p f(gq,p)

u c(a q) c(p p
¢,C O
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The Whole Flocking Algorithm

P4 qQ P

o ah—=

2o af

a(a(p Pp)

I N

¢ q) o(p P




SitmIatishs

Initial positions are chosen randomly so that the initial net is highly disconnected.
No. of edges increases and has a tendency to render the net connected.
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Honey bee swarms:
How do scouts guide a swarm of uninformed bees?

When a swarm lifts off to fly to a new nest site, 0 nly the ' L
scouts know in what direction the swarm must fly __ ald ¢

They constitute only about 5% of the beesinaswar m
with thousands of bees

In the majority of cases a swarm reaches the new ho me

How does the small minority of informed scouts indi cate
the swarm’s flight direction to the large majority of
uninformed bees?

S. Janson,et al.. Animal Behaviour , 70(1):349-358, 2005.
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Flocking with minority of informed agents

| N
4 \4/ -
ﬁ / (@,p)
A

4
Uninformed agent u (qu qH) 9, 9 :
R

(R P

q ¢
2 :
L o, af

¢ qgq) c(p P

Informed agent

I N;

4o (qu qu)\/
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Flocking with minority of informed agents

A\‘/(

4& / -~
A\A
Our interests: behavior of the group when only a small

fraction of agents are informed agents.
Our contributions:

Theory: Not only all informed agents but also some uninforrad
agents will DO track the virtual leader.

Simulation: majority of uninformed agents will INDEED track
the virtual leader.
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Cohesion and Velocity Matching of Informed Agents
q q

o ol
Suppose that the initial energy @ finite.

(B B ¢a @ dp P

u (o a|)
. \/1

J

1) The distance between any informed agent and the  virtual
leader is not larger than  /2Q, /¢ for all t O

i) All informed agents asymptotically move with th e desired

velocity p .

A\‘/(

-~

4
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Cohesion & Velocity Matching of Uninformed Agents

o o
"

g
Jo aff

Type | uninformed agent: If exists an infinite sequence of
contiguous, nonempty and uniformly bounded time-int ervals
such that across each time interval there exists a joint path

between this agent and one informed agent.

7

y
It is only required to get in touch with an infdrme d agent from
time to time, directly or indirectly.
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Cohesive & Velocity Matching of Uninformed Agents

4, ¢
2 :
Lo of

(R R

i N

u (o, a|) J

i) The distance between an Type-l uninformed agen t and the
virtual leader is not larger than 20 /¢ (N M,)r

IvV) Each Type-I uninformed agent asymptotically mov  es with

the desired velocity A
\‘/ o

4@ A/\

A
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>'Simulation Results: N=100, M,=10
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Fraction of agents
that eventually
move with the
desired velocity

@ 2004 SJTU

Simulations

* | —o— N=1000

Fraction of randomly chosen informed agents




Summary
A\‘/

4@ A/\

4

A very small group of informed agents can cause mos
agents to move with the desired velocity.

Help to understand flocking behaviors in the nature

Provide a framework for guiding the design of engin
multi-agent systems.
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