
Enhancing Synchronization in 
Systems of Non-Identical 

Kuramoto Oscillators

Markus Brede
CSIRO Centre for Complex Systems Science

F C Pye Lab, Black Mountain
Markus.Brede@Csiro.au



Outline

� Introduction

� Synchronization, the MSF approach (limitations), the 
Kuramoto model

� Synchronization and oscillator heterogeneity

� an optimization approach, correlated oscillator 
arrangements, ...

� The synchronization transition on Networks with 
correlated oscillator arrangements

� Summary



Synchronization of Chaotic Oscillators

� Consider N chaotic limit cycle oscillators with states          
and “native” dynamics

� Weak coupling, e.g. via a network given by an 
adjacency matrix A with Laplacian matrix G:                     

� Depending on coupling strength and coupling 
topology  synchronization of the states is possible

x
i
� t �� Rn F

i
� x�

dx
i

dt
= F

i
� x��� � j

G
ij

H � x
j
�



The MSF approach

� Understanding synchronization requirements via 
stability of fully synchronized state

� “symmetrical” coupling

� identical oscillators (i.e. same “native” dynamics F)

� Maximum Lyapunov exponent (=”master stability 
function”) often with a bounded negative region 
such that linear stability of synchronized state 
requires:
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Highly Synchronizable Networks

� Some network characteristics that facilitate 
synchronization:

� degree homogeneity (regular graphs)

� small distances (i.e. no clustering!)

� disassortative degree mixing

� balanced load distributions

� Can to some extent be generalized to undirected 
Nws:

� in-signal homogeneity

� balanced loads



Reminder

� These appealing very general results strictly apply  
only for full synchronization and identical “native”
dynamics!

� MSF approach has also problems with 
unsymmetrical G, i.e. complex spectra of G

� However:

� in most systems elements not fully identical!

� heterogeneity likely to influence properties of optimal 
synchronization



The Kuramoto System

� Dynamics of weakly coupled nearly identical limit 
cycle oscillators can often be approximated by                  

� A prototypical example is the Kuramoto system 
where 
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The Kuramoto System

� Prototypical model for phase synchronization

� Two phases: synchronized and desynchronized 

� zero coupling: oscillators independent

� increase coupling oscillators become entrained, phase 
locking (frequency synchronization)

� phase slips, chaotic dynamics

� large coupling: complete synchronization

� Order parameter:
r = 1/ N�� j

exp� i �
j
� t �� �



Optimization Idea

� Study relationship oscillator heterogeneity – network 
architecture – synchronization for non-identical 
Kuramoto oscillators

� Optimization approach:

� Start with given coupling and oscillator identity

� Suggest change in network topology

� Integrate Eq.s of motion, determine r

� Accept change of it leads to larger r

� Repeat procedure, etc.



Optimization Idea

� Procedure gradually guides system towards higher 
“synchronizability”

� might mimick evolution process in natural systems (with 
resource constraints)

� helps understand how system properties change as 
system is tuned towards more synchronizable state

� Issue with initial conditions:

� Main driver of desynchronization are native frequencies -
> no averaging over initial conditions required 



Towards complete synchronization



Results (complete synchronization)



Evolution towards complete sync

� Driven by changes in network architecture AND 
oscillator arrangement 

� oscillator arrangement:

� strong anti-correlations between adjacent oscillators

� large native frequency oscillators “sit” on hubs

� oscillator heterogeneity entails degree heterogeneity in 
optimal systems 

� strong anti-correlations -> no triangles



Evolution towards complete sync

� network topology (roughly as from MSF):

� small networks

� load balanced

� not cliquish

� reduced variance in degree (compared to random graphs, 
but more than predicted from MSF)

� disassortative



Optimal networks for limited coupling

� Available coupling C ~ coupling strength sigma * 
links in network

� Three situations:

� C sufficient: full synchronization can be achieved, 
system architecture as above

� C intermediate: core-periphery structure. synchronized 
core with minimum impact periphery organization

� C small: highly cliquish organization, impact of cliques 
on each other minimized



� large, cliquish

� positively correlated 
oscis

� “linear”

� core-periphery

� dense core

� tree-like periphery

� small, no cliques

� neg. corr. oscis

� large w in centre



Can globally synchronizable systems be 
built from local rules?

� Introduce local synchronization measure rlink                   

� rlink~1, but r<<1 possible

� Systems that optimize rlink are likely to end up in a 
locally clustered state as in (a), which prevents global 
synchronization

� Cliquishness favours an early onset of 
synchronization, but works counter to a transition to 
full synchronization
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Improving Synchronization by 
Oscillator Arrangements

� Two simple rules to improve the synchronization on 
a given network by arranging the oscillators:                   

1) anti-correlated arrangement

2) the oscillators with the largest magnitude native 
frequencies “sit” in the centre of the network (on hubs)



Correlated Oscillator Arrangements on 
ER Graphs

� Correlations in oscillator placement 
systematically shift transition

� Negative correlations: transition still 
of the Mean-Field type, transition 
becomes “steeper”

� Positive correlations (similar to 
degree heterogeneity!): gradual 
tuning of critical exponents with 
correlation strength, transition 
becomes “more gradual”� N=3200, k=7, ER



The synchronization transition on 
networks with corr. oscillators

� Synchronization/desynchronization transition is 2nd

order phase transition, scaling ansatz                          

� all to all coupling: beta=1/2 nu = 2

� small worlds: beta=1/2 nu=2

� different for SF Nws depending on degree distribution 
and correlations
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The synchronization transition on 
networks with corr. oscillators



Summary

� Oscillator arrangement plays an important role for 
synchronization on networks

� positively correlated -> complete sync harder to achieve

� negatively correlated -> complete sync achievable for 
lower coupling

� systematic change in properties of the synchronization 
transition

� Organisation of optimal directed networks:

� driver/driven nodes, small SCCs, large OCs
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� More details:

� D. Newth and M. Brede, Complex Systems 16, p 317 
(2006)

� M. Brede, Phys. Lett. A 372, p 2618 (2008)

� M. Brede, Phys. Lett. A 372, p. 5305 (2008)
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