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Introduction: Some ExamplesIntroduction: Some Examples

� Food Web, Biological Networks
� Wireless Communication Networks
� Power Grid, Highway & Air--line Webs
� CNN, VLSI Circuits 
� Metabolic Systems
� Internet, WWW , HTTP
� ……
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Internet, WWW Internet, WWW 
(William R. Cheswick)(William R. Cheswick) (K. C. (K. C. ClaffyClaffy))
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HTTP, Telecomm NetworksHTTP, Telecomm Networks
(Bradley (Bradley HuffakerHuffaker)) (Stephen G. (Stephen G. EickEick))
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CNN, VLSI CircuitsCNN, VLSI Circuits
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Food Web, Food Web, Biological NetworksBiological Networks
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Arts Arts ��
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Several Typical Network ModelsSeveral Typical Network Models

� Regular networks
� Random networks

� Small-world networks
� Scale-free networks
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Regular NetworksRegular Networks

(a) Globally coupled network; (b) Nearest-neighbor 
coupled network; (c) Star-coupled network
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Random NetworksRandom Networks

�� ConnectivityConnectivity distribution:
peaksat an average value
but decaysexponentially

�� HomogeneousHomogeneousnature:
each node has roughly the
same number of  
connections
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SmallSmall--World NetworksWorld Networks

�� ConnectivityConnectivity distribution: 
peaksat an average 
value but decays
exponentially

�� HomogeneousHomogeneousnature: 
each node has roughly 
the same number of 
connections

� “ Six degree of separation”
– Stanley Milgram (1967)
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ScaleScale--Free NetworksFree Networks
((HawoongHawoong JeongJeong ))

�� ConnectivityConnectivity
distribution: in a 
power-law form

�� NonNon--homogeneoushomogeneous
nature: a few nodes 
have large numbers 
of connections but 
most others have 
much less 
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Network Synchronization CriteriaNetwork Synchronization Criteria

� A time-invariant complex network model

� A time-varying complex network model

� Network orbit synchronization criteria

� Chaos synchronization criteria
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TimeTime--Invariant Complex Dynamical Invariant Complex Dynamical 
Networks ModelNetworks Model

Inner coupling matrix:

Coupling configuration matrix:

Dissipative conditions:
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TimeTime--Varying Complex Dynamical Varying Complex Dynamical 
Networks ModelNetworks Model

Inner coupling matrix:
Coupling configuration matrix:

Dissipative conditions:

Assume that there are no isolate clusters. That is, the coupling 
configuration matrix C(t) is an irreducible matrix at any time t.
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Network SynchronizationNetwork Synchronization

�� Network SynchronizationNetwork Synchronization � Complex DynamicsComplex Dynamics

�� Typical networks:Typical networks: coupled map lattice, cellular 
neural networks

�� Typical dynamics:Typical dynamics: Turing patterns, autowaves, 
spiral waves, spatiotemporal chaos

� Network topology and the dynamicsof individual 
nodes determine the network dynamical behaviors 
- Synchronization

� RobustnessRobustnessvs FragilityFragility in Network 

Synchronization
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SynchronizabilitySynchronizability of Regular Coupled Networksof Regular Coupled Networks

Observation:Observation:
� No matter how small the 

coupling strength is, a global 
coupled networkwill
synchronize if its size is 
sufficiently large.

� No matter how large the 
coupling strength is, a locally 
coupled networkwill not
synchronize if its size is 
sufficiently large.
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Useful Synchronization in EngineeringUseful Synchronization in Engineering

ExamplesExamples:
� Secure communication
� Harmonic oscillations generation
� Language emergence and development:

� Synchronization in conversations 
� common vocabulary

� Organization management: 
� Agents’ synchronization 

� work efficiency

� …
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Harmful Synchronization in InternetHarmful Synchronization in Internet

� TCP window increase/decrease cycles
Synchronization occurs when separate TCP connections 
share a common bottleneck router

� Synchronization to an external clock
Two processes can become synchronized simply if they are 
both synchronized to the same external clock

� Client-server models
Multiple clients can become synchronized as they wait for 
services from a busy (or recovering) server

� Periodic routing messages
Periodic routing messages from different routers can 
become synchronized
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RobustnessRobustness versusversus Fragility:Fragility:
What is your choice?What is your choice? (Bradley (Bradley HuffakerHuffaker))
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Two Basic Problems of Network Two Basic Problems of Network 
SynchronizationSynchronization

� What are the key elements of network
synchronization?

� What is the maximum synchronizability
of complex networks?
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Periodic Orbits Synchronization of Periodic Orbits Synchronization of 
TimeTime--Invariant Dynamical NetworksInvariant Dynamical Networks

Lü, Chen, IEEE TAC, 2005
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Stable Orbits Synchronization of Stable Orbits Synchronization of 
TimeTime--Varying Dynamical NetworksVarying Dynamical Networks

Lü, Chen, IEEE TAC, 2005
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Chaos Synchronization of Chaos Synchronization of 
TimeTime--Varying Dynamical NetworksVarying Dynamical Networks

Lü, Yu, Chen, Physica A, 2004
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Remark 1Remark 1
� The synchronization of a time-invariant dynamical 

network is completely determined by theinner-
coupling matrix A and theeigenvalues
of the coupling configuration matrix C of time-
invariant network.

� The synchronization of a time-varying dynamical 
network is completely determined by theinner-
coupling matrix A(t) , and the eigenvalues

and the corresponding eigenvectors
of the coupling configuration matrix 

C(t) of network.
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Characterizing Network Characterizing Network SynchronizabilitySynchronizability

� Maximum synchronizability of 
time-invariant dynamical networks

� Characterizing the robustness of 
synchronization
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Associated Feedback SystemAssociated Feedback System

� Consider the time-invariant network

� Definition 1: The self-feedback nonlinear 
system
where                                          and d is a constant, 
is called the associated feedback systemof the 
time-invariant dynamical network.
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Associated Feedback SystemAssociated Feedback System

Consider the linear system:

Denoted     as the exponentially 
stable regionin terms of feedback 
parameter d.
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Associated Feedback TheoremsAssociated Feedback Theorems

� a

Lü, et al., IEEE TCAS-I, 2004
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Maximum Maximum SynchronizabilitySynchronizability SetSet

Definition 2: The ability that the structure of the time-
invariant network can ensure network achieve
synchronization is called the network synchronizability.
The maximum possible set

{(A,C) | network realizes synchronization}
is called the maximum synchronizability set, which 
characterizes network maximum synchronizability.
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Remark 2Remark 2
For a given individual node                     and 
an inner coupling matrix A, the maximum
synchronizability setof network is completely
determined by its associated feedback system. 
In fact, the maximum synchronizability set of
network is

where                            are the nonzero 
eigenvalues of C.
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Physical Meaning in Synchronous CommunicationPhysical Meaning in Synchronous Communication
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Characterizing the Robustness of Characterizing the Robustness of 
SynchronizationSynchronization

Definition 3: Suppose that network can achieve
synchronization for a given inner coupled matrix
A and a coupled configuration matrix C . If 
network remains synchronizationafter removing 
one edge L from the network, then network is 
said to be robust in synchronization against the 
removal of edge L; otherwise, network is said to 
be fragile in synchronization with respect to the 
removal of edge L.
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SynchronizabilitySynchronizability MatrixMatrix
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Remark 3Remark 3

� The synchronizability matrix S characterizes the 
robustnessof synchronization against one-edge
removal of network. 

� Moreover, the synchronizability matrix S
concretizesthe robustness and fragility of 
synchronization against one-edge removal of  
network. 

� Similarly, one can introduce the synchronizability
matrices for multi-edge removalsof network.
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Control of Complex NetworksControl of Complex Networks

IEEE Control Systems Society
It is just beginning!
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Control of Complex NetworksControl of Complex Networks

� Coordinated Control 
(swarming, consensus, flocking)

� Data Traffic Control
(shortest-path vs. betweenness)

� Adaptive Control
(adaptive synchronization)

� Pinning Control
(pinning synchronization)
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Control of Complex NetworksControl of Complex Networks

� Switching Control 
(Zhao & Hill, IFAC 2008)

� Control of Communication Networks 
(Xia & Hill, IEEE TCAS-II, 2008)

� Control of Complex Ecological Networks
(Lü & Hill, Automatica, 2008)

� B. Liu, J. Fan, S. Kim ….
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Pinning Control of Complex NetworksPinning Control of Complex Networks

� Complex networks has a large number of 
nodes. It is often impossible to realize the 
control goal by controlling every node. Is it 
possible to control a few nodes (such as 5%)
to realize the same goal?

� Pinning control
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Pinning Control: An ExamplePinning Control: An Example
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Pinning Control: Pinning Control: Selective SchemeSelective Scheme

� Random Scheme:
Pin a portion of randomly selected nodes

� Specific Scheme:
First pin the most important node
Then select and pin the second-most 
important node
Continue … till control goal is achieved

Which is best?
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Pinning Control: Pinning Control: Selective SchemeSelective Scheme
Which is best? Really?
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The Key Factors  in Pinning ControlThe Key Factors  in Pinning Control

� Network Structure
Star, random, power-law, small-world, …

� Coupling Strength
Finite, infinity, …

� The number of Pinning Controller
� The Pinning Approach

Random, specific, …

� …
Trade-off ?
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Two Challenging Fundamental Two Challenging Fundamental 
Questions in Pinning ControlQuestions in Pinning Control

� How many nodesshould a network with 
fixed network structure and coupling 
strength be pinned to reach network 
synchronization? 

� How much coupling strengthshould a 
network with fixed network structure and 
pinning nodes be applied to realize 
network synchronization?

� Exact valueor at least the estimated value
is necessary and important!
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Pinning Adaptive Control of Pinning Adaptive Control of 
Complex NetworksComplex Networks

� Network model:

� Main results:

Zhou, Lu, Lü, Automatica, 2008
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Pinning Adaptive Control of Pinning Adaptive Control of 
Complex NetworksComplex Networks

� Network model:

� Main results:

Zhou, Lu, Lü, Automatica, 2008
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An ExampleAn Example
� Network Model:

� Experimental Results:  26 is enough
(26/500=5.2%)
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ConclusionsConclusions
� The maximum synchronizability of a network is 

completely determined by its associated feedback 
system, which has a precise meaning in terms of 
synchronous communication

� The synchronizability matrix is  introduced to 
characterize the robustnessof synchronization of a 
network. 

� Using the knowledge of synchronizability, one can 
purposefully increasethe robustnessof the network 
synchronization and prevent it from attacks

� Exploring some effective methods forpinning control
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To Be Continued To Be Continued ……

� http://lsc.amss.ac.cn/~ljh


