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| ntroduction

s Complex dynamic network

N
fz‘:f(%)JrCZasz%,i: 1,2,--- N, (1)

j=1

where

v; = (i, - ,xn) A : state of the-th node,
[' : Inner-coupling matrix,

A = (a;;) = : outer coupling configuration
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| ntroduction

= Synchronization
e |solated nodes(t) = f(s(t)). Letn; = z; — s.
- Synchronization?:flim n,=0,1=1,2+N.

e Two facts:: isolated node dynamics,
- connection topology

e Major collective behavior
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| ntroduction

= Synchronization criteria

e If A is diagonalizable, local synchronizabillity Is
equivalent to the stabilizability of

wi — (Df(S(t)) + )\ZCF) wi,i — 1, 2, re ,N, (2)

whereD f : Jocobian off, \; : eigenvalues ofi.
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| ntroduction

® Time-varying networks
e Aistime-varying, i.e A = A(t).
Usually,
e Slow-varying topology:
- A(t) changes continuously with time
- upper bound of the “change rate"
- nominal value ofA(t)

e A(t) : simultaneously diagonalizable

Synchronization of Complex Dynamical Networks with SwitdhTopology: a Switched System Point of View — p.



| ntroduction

s Networks with switching topology
A varies very quickly: switches

® This happens because

e link failures
—or example, when a severe fault happens in a loc
power system, the transmission line connecting th
ocal power system with the global power grid is
automatically cut off by a relay protection device.
e new creation of links
e some nodes that are connected or disconnected
purposely.
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| ntroduction

Notations:

Let PC,x, (PC,. ) be the linear space of the uniformly
bounded continuous (continuously differentiable) real
matrix-valued functions defined af, oo). For any

P [_HAC,, x,, the norm ofP Is defined by

A= sup {[A(¢) A time-varying matrix

O<t<oo
Q :|0,00) - R™"is said to be positive definite
(semi-definite), denoted by > 0 (Q) = 0), if there
existsa > 0 such that! Q(t)v = a2 Q(t)v = 0)
foranyv A", t = 0.
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Networ ks with switching topology

® Network model

N
T; = f(afi)—l—CZaq-(t)Fa:j,i =1,2,--- N, (3)

)
7=1

whereo : [0,00) - M ={1,2,--- ,m} : switching
signal.

A = (ay;) : thek-th outer coupling configuration
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Networ ks with switching topology

B Thek-th subnetwork
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Networ ks with switching topology

® Problems
e synchronizable under arbitrary switchings?

e synchronizable by design of a switching law?
n Difficulty: hybrid nature

# Point of view: Switched system
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Networ ks with switching topology

Lets(t) = f(s(t)), n; = x; — s. We have

N
o= Df(s(t))mi+cYy al T+ gi(t,m).  (5)

j=1

where

gi(t, m1) = / (DF(s(t) + i) = DF (s(t))) midr.
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Networ ks with switching topology

Denoten = (ni, 3, - ,nf)T , we can obtain

d —_
at’
wherely : the N-order identity matrix,

(In CD¥(s) +cA, COn+g(t,n)  (6)

g(t,n) = (g2(t,m)", -+, gn(t,nn)")",

[ Kronecker products of matrices.
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Networ ks with switching topology

Droppingg(t,n) Lihellinearized network dynamics:

d
1= (Iy CDF(s) + cA, T, (7)
If A, are diagonalizable, then there exist non-singular

matrices®,. such that

where\! are eigenvalues of;.
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Networ ks with switching topology

If we set
T _
w' = ((wy)", ()", -+, (w)')" = (o CLY
then, under®-coordinates, thé-th subnetwork of (4) is

W' = (In T (s(t)) + (@t Ax®y) COIw®,  (9)

or equivalently,

Wi = (Df(s(t)) + Afel) wy,i=1,2,-++ ,N. (10)
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Networ ks with switching topology

» Diagonalizing individuald4,, [chdcking
synchronizabllity of theé:-th subnetwork

s Simultaneously diagonalizind;, [chdcking
synchronizability of the switched network. But too

strict.

» Adoption of a weaker condition: Simultaneous
triangularizability
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Networ ks with switching topology

® Proposition 2.1. Suppose that there exists a
nonsingular matrixp = (¢;;) =y With
d~! = (¢;;) n=n Such that

/bllv ]f27 ]f37 sz\
_ 0, b, b, - b
TR A B
\ 0, 0, 0, - bhy/

with b% = \¥ the eigenvalues of;.
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Networ ks with switching topology

Then, (5) can be expressed as

W1 — (Df + )\kcF) w1 + b]fchwg e e b]chFwN
+¥101(¢,m) + -+ Yivgn (2, 77N)7

Wy = (Df4 Nsel) wp + bzgcrwg + -+ by cT'wa
+o191(t, M) + - -+ + Yangn (2, 77N)7

wN_l = (Df )\If\;_lcr) WN—-1 b?N—l)NCFwN
+¢(N—1)191(t7 771) T T w(N—l)NgN(ta 77N),

Wy = (Df + A’fVcF) wy + Yn191(t, M) + - -

+YnNNgN (T, nN).
(12)
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Networ ks with switching topology

In particular, the linearized network (7) can be express
by

w1 — (Df + )\]fCF) w1 + b]fzcer + -
Wy = (Df + )\IECF) wo + byaclwsg + -« - -

WN—] = (Df -+ )\va_lcF) WN—1 T blgN_l)NCFwN,
v = (Df 4 Nyel) wy.

(13)
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ArDbitrary switchings

Proposition 3.1. Global synchronization of (3) Is
achieved under an arbitrary switching signét) if there
exists an/N % n/N positive definite matrix

P(t) CAC! ., v Satisfying

" (P + (I CD(s(t)) + cA; COHP

P(I LDV (s(t)) + cA; LIy

+2nt Pg(t,n) <0, EE0,nE0,i=1,2,--,m.
(14)
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ArDbitrary switchings

If Instead,

P+ (I CDIf(s(t)) + c4; LT} P
+P (I CDIf(s(t)) +cA; CTN<0,i =1,2,--+ ,m

holds, then the network (3) locally synchronizes under
arbitrary switching.
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ArDbitrary switchings

s Remark
e n!' Pp : a common Lyapunov function

e how to construct such B?
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ArDbitrary switchings

Theorem 3.2. Suppose:
(i) there existsP = (¢;;) yxny With @71 = (1)) <y
which makes (11) hold.
(ii) there exist positive definite matrik;(t) CAC?,, .
constantsy; > 0 such that

Bi(t) + (Df(s(t) + eXT) " P,
+P; (Df(s(t)) + cA\iT) (15)
+ol <0, 1=<1=N,1<k=m.

(li)) there exist a constarit> 0 such that

0"(t777i) </ Tl (16)

J U
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ArDbitrary switchings

Define:

o = oy — 21 E@ NYindril 00 = 1, PL = 61 P4,

N
p1; = 2 max ‘b(fjc} o LAT L4 2001 LA E | V11015 -
k=1

l=g=m
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ArDbitrary switchings

If we haved;—;, P,—1 andu;—_1y;, we now define

20, = a, )
Wij = 2 max. }bffjc} o; LA L4k 200, LA % |Vir P4l -
If a; > Oandoz@-—(N—l)Zﬂ—?i > () for
e

= 1,2, , N, then the dynamical network (3) globally
synchronizes under arbitrary switching.
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Design of switching laws

s None of subnetworks are synchronizable
® Single Lyapunov function

s Multiple Lyapunov functions
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Design of switching laws

Single Lyapunov function

Proposition 4.1. Let P(t) [CACY .. be a positive
definite matrix. If the sets

O = {(t,n)n" (P + (I CD¥(s(t)) + cAp CTHP
+P(I CDIf(s(t)) + cAr CLI)n < 0}

make a partition of0, co) x RV i.e.,
Uiz, Qi = [0,00) x R™Y then, synchronization of
(3) Is achieved under the switching law

o=o(t,n) =1,if (t,n) L.

(17)

[y
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Design of switching laws

= Question: How to find such B?
Proposition 4.2. Let A = > ", ap Ax With a = 0

andd " _, ap = 1. If P(¢)

P+ (I CDIf(s(t)) + cA CT) P
+ P (I CDIf(s(t)) 4+ cA LTV < 0,

CACt .. Satisfies

(18)

then, synchronization of (3) is achieved under

o(t,n)

— arg min {n" (P + (I

1<k<m

LDV (s(t)) + cAy CTH P

+P(I CDF(s(t)) + cAr CTN}.
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Design of switching laws

Theorem 4.3. Let A = > 7", ap A with o, = 0 and
S e, ax = 1 be triangularizable. I?,(t) CACT,,,
satisfy

Pi(t) + (Df(s(t)) + eAT)" P,

L P+ <01=<i<N, 2O

where); are eigenvalues of, then, the network (3)
synchronizes under some switching law.
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Design of switching laws

» Multiple Lyapunov functions

Before studying synchronization using multiple
Lyapunov functions, we present a stabilizing
switching law for the switched system

r = fa(tvx) (21)

LetVi(t,x), wii(t,z), 4,7 =1,2,--- ,m, be
continuous functions satisfying

pij (¢, @)+t o) < mind0, pi (¢, )}, Lzl o, g, k.
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Design of switching laws

Define sets:

(1)
= {z|Vilt,z) = Vi(t,z) + pij(t,z) <0,5=1,--- ;m}
(22)

-
Qi (¢)
= {z|Vi(t,z) = Vi(t,x) + pi;(t,z) =0},7 B¢

(23)
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Design of switching laws

Design a switching law:

o(t)=1 if o(t”) =1 and x(?)
o(t)=7 if o(t7) =1 and xz(t)

[ iht €;(7),
] (24)
LQd ().
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Design of switching laws

Figure 1. The switching law (24)
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Design of switching laws

Theorem 4.6. Suppose that there exist positive definite
smooth functiond/;(¢, ), non-negative definite
functionsk;, classkK functionsg;, v;, continuous
functionsg;;(t,z) < 0, 9;;(¢,z) < 0, smooth functions
i (t, x) with p;;(0) = 0 andy;;(x) = 0, such that

¢; (D) E V(t,z) < ¢;(lzl )k =1,2,--- ,m, (25)

= (26)
+%‘f (t,x) + Ly Vi(t, z) = —ri( Lzl

t7t7i:1727... 7m7
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Design of switching laws

S 6t ) (Vilt @) = Vi(t,2) + py(ta)  (27)

<0, [Lk,t,k=1,2,--- . m

i (tv :lj‘) + :ujk(ta :U) = min{oa :uzk(ta :C)}a t7 L, iv jv k.
(28)

Also, assume that the switching law (24) is applied anc
no sliding modes occur. Then, the origin of the system
21) Is stable. Moreover, asymptotic stability is assufec
k; are also clask functions.
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Design of switching laws

Proposition 4.9: Suppose that there exist positive
definite matrice?”(¢t) [CAC .., », Symmetric matrices
Q% CACY ., » With Q77 = 0, continuous functions
BY(t) <0, 6Y(t) < 0, such that

Pk(]N f—l—CAk Ej)l—F(]N f—l—CAk FTP]C
+PF 4 37 8RN (PR — Pi 4+ QM) < 0,

(29)
Q*(Iy CDIf + cA, LT+ (Iy CDIf + cA;, CTW Qka
+OM 4+ > 5k (PF — Pi 4 QM) < 0,

(30)
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Design of switching laws

Q"+ QM — Q1 =0, [1k,q, (31)

Q'+ Q" =0, [1k,q (32)

Let Vi(t,n) = n' P'n andu;; = n* Q"n. If the switching
law (24) is applied and no sliding modes occur, then, tt
network (3) synchronizes.
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Design of switching laws

Theorem 4.10: Suppose thatl; are simultaneously
triangularizable, i.e. (11) holds for some nonsmgular
matrix e. Also assume that foi, k,q = 1, 2, -

7

1 =1,2,--+ , N, there exist posmve definite matrices
Pﬁ(t) IIO}LXW symmetric matrice§)’” [CAC!, with

Q?7 = 0, continuous functiong™ () < 0, 6 (t) < 0,
such that

P¥ 4+ P¥(Df + MecD') + (D f 4 NeeI')T PF

. - - 33
£ BN (PE— P+ Q) <0, (33)
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Design of switching laws

QN + QDS + NieT) + (Df + NeeT) Q)

. . - 34

+ >0 0%(PF — P + Q) <0, (54)
QF+ QM -l =<0, (35)

QF +Q" =0, (36)

where)} are eigenvalues of;.
ChooseP" = ((®)™' L)) P* (¢~ [CLJ) and
QM = ((@7)™' L) Q™ (¢~ L) with
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Design of switching laws

P* = diag { P}, dPy, -+ ,d" Py},

Qk] — dlag {Q]fjv ngjv Y 7dN_1 ]]C\lfy} ?

for d > 0 large enough.
Let Vi(t,n) = n' P'n andu;; = n* Q"n. If the switching
law (24) Is applied and no sliding modes occur, then

there exists a switching law under which the network (3
synchronizes.
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Examples

Example 1.
10
b= flz)+ Y abay, i=1,2,--,10, k=12,
j=1

where,z; = (zi1, Ti2, vi3)"

Y
—2x;1 + T + sin(x;2)

f(%) — — U5 == Bga F Siﬂ(%‘B) , I' = I3,
—21;3
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Examples

—
|
—_

o O O O o o o o O

O 0 0 O 1 0 0 0 0 \
-3 0 1 1 0 0 0 0 1
o 05 0 O O O —-05 0 O
O 0 -3 0 1 1 0 0 1
o 0O 0 05 0 O 0 —-05 0
o 0O O 0O 05 0O —-05 0 O
o 0 O 0 0 -2 0 1 1
o o0 0O o0 o0 o0 -1 0 1
o O 0 0 0 O 0 —2 2
o 0O 0 0 0 O 0 0 0 /
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Examples

(—2 O 0 0 1 0 1 0 0 0 \
0O -1 0 0 0 1 0 O© 0 0
0O 0 -1 0 1 0O 0 O 0 0
o 0O O 05 —-05 0 0 O 0 0
. o o0 0 0 —4 1 1 1 1 0
O 0 0 0 O -1 0 0 0 1
O 0 0 O 0 0o -2 1 1 0
O 0 0 0 0 o 0 -2 1 1
O 0 0 0 0 O 0O 0 -05 05
\ O 0 0 0 0 0O 0 O 0 0 )

Synchronization under arbitrary switchings is achieved
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Examples
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-10
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Examples

Example 2.f andI" are the same as in Example 1.

(—6 1 1 1 1 1 1 0 0 0 \
o 2 0 0 0 0 -1 0 0 -1
O 0 -1 0 0 0 1 0 0 O
o 0 0 -1 0 0 1 0 0 O
Ay o 0 0O O 1 0 —-1 0 0 ©
o 0 0 O 0 1 —-1 0 0 0
o 0 0O O O 0 -2 1 1 0
o 0 0 O 0O 0 o0 2 -1 -1
o 0 0O O O 0 o0 0 1 -1
K o 0 0 O O 0 O 0O 0 O )
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Examples

( 4 0 0O 0 -1 -1 0 -1 o0 -1 \
0O —4 1 0 1 1 0 0 1 o0
o 0 -1 0 O O 1 0 0 O
o o0 0 2 0 -1 0 -1 0 0
. o o0 0O O -2 0 1 o0 o0 1
o 0 O O 0 -3 o0 1 1 1
o o0 O O O 0 -1 0 o0 1
o o0 O o o 0 o0 -2 1 1
o o0 O O O O o0 o0 -1 1
\o o 0O 0O O O 0 o0 0 O /

Obviously, neither subnetwork 1 nor subnetwork 2 is
synchronizable.
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Fig. 3. The synchronization errors of the subnetwork 1
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X 10ll
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X 1010
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L
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| j | j
| =

X|3
b
o ol o
j

Fig. 4. The synchronization errors of the subnetwork 2
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10

)
X  -10f

0.5 1 15 2 2.5 3 3.5 4 45 5

3 35 4 45 5
T T T T T T T T T
10
@  0Of
X
-10
! ! ! ! ! ! ! ! !
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t

Fig. 5. The synchronization errors of the switched network.
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2.2 T T T T T T T T T
2 -
1.8 B
1.6 B
~~
=
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1.4 B
1.2 -
l -
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t

Fig. 6. The switching signal
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Examples

Example 3.f andI' are the same as in Example 1.

( 1 0 0O 0 0O 0 O 0 0o -1 \
o -2 0 1 0 0 0 1 0 O
o 0 -1 1 0 0 0O 0 0 O
o 0 0 2 0 0 -1 0 -1 0
o o 0 0O 0 —-4 1 0 1 1 1
o 0 O O O 1 0 -1 o0 ©
o o0 O O O O 1 -1 o0 O
o 0 O O O 0 0 -2 1 1
o o0 O O O O O o0 1 -1
\o o O 0O O O O 0 0 o )
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(—2 1 0 1 O 0 0 0 0 O \
o 1 -1 0 O O 0 0O o0 ©
o 0 -6 1 o0 1 1 1 1 1
o 0 0 -2 1 0 0 1 0 O
i o 0 0O O -2 0 1 0 o0 1
o 0 0O O 0 -3 1 0 1 1
o o0 0O O O o0 1 0 -1 0
o o0 0O O O o0 0 2 -1 -1
o o 0O O O o0 o0 0 1 -1
\ o 0 0O O O O 0 0 o0 O /

Obviously, neither subnetwork 1 nor subnetwork 2 is
synchronizable.
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Fig. 7. The synchronization errors of the subnetwork 1
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Examples

600 - -
400 n

X

200 =

-200
0

100

0 2 4 6 8 10 12 14 16 18 20
t

Fig. 8. The synchronization errors of the subnetwork 2
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Examples

50

Xil

-50

-100

50_ T T T T T
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?’

_150 | | | | |

Fig. 9. The synchronization errors of the switched network
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2.2

1.8 1

1.6 1

a(t)

141 1

1.2 1

0.8 | | | | |

Fig. 10. The switching signal

Synchronization of Complex Dynamical Networks with SwitdhTopology: a Switched System Point of View —p. '



Conclusions

Switched system viewpoint
Simultaneous triangularization
Global synchronization

Arbitrary switchings L_improving other
performance

Design of switching lawsl_indreasing the
nossibility of synchronizability
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Futurework

How to Improve network performance by switching
Design of switching and controllers—dual tasks
How to deal with constraints by design of switching
How to adopt “local" information?

Computation
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Thank you
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