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Introduction

Complex dynamic network

ẋi = f(xi) + c

N
∑

j=1

aijΓxj, i = 1, 2, · · · , N, (1)

where

xi = (xi1, · · · , xin)
T ∈ Rn : state of thei-th node,

Γ : inner-coupling matrix,

A = (aij)N×N : outer coupling configuration
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Introduction

Synchronization

• Isolated node:̇s(t) = f(s(t)). Let ηi = xi − s.

• Synchronization:lim
t→∞

ηi = 0, i = 1, 2, · · ·N.

• Two facts:· isolated node dynamics,
· connection topology

• Major collective behavior
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Introduction

Synchronization criteria

• If A is diagonalizable, local synchronizability is
equivalent to the stabilizability of

ẇi = (Df(s(t)) + λicΓ)wi, i = 1, 2, · · · , N, (2)

whereDf : Jocobian off , λi : eigenvalues ofA.
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Introduction

Time-varying networks
• A is time-varying, i.e.A = A(t).

Usually,
• Slow-varying topology:
· A(t) changes continuously with time
· upper bound of the “change rate"
· nominal value ofA(t)
• A(t) : simultaneously diagonalizable
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Introduction

Networks with switching topology
A varies very quickly: switches

This happens because
• link failures
For example, when a severe fault happens in a local
power system, the transmission line connecting the
local power system with the global power grid is
automatically cut off by a relay protection device.
• new creation of links
• some nodes that are connected or disconnected
purposely.
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Introduction

Notations:

Let PCn×n (PC1
n×n) be the linear space of the uniformly

bounded continuous (continuously differentiable) real
matrix-valued functions defined on[0,∞). For any
P ∈ PCn×n, the norm ofP is defined by
‖P‖ = sup

0≤t<∞
{‖P (t)‖}. A time-varying matrix

Q : [0,∞) → Rn×n is said to be positive definite
(semi-definite), denoted byQ > 0 (Q ≥ 0), if there
existsα > 0 such thatvTQ(t)v ≥ α‖v‖2 (vTQ(t)v ≥ 0)
for anyv ∈ Rn, t ≥ 0.
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Networks with switching topology

Network model

ẋi = f(xi) + c

N
∑

j=1

a
σ(t)
ij Γxj, i = 1, 2, · · · , N, (3)

whereσ : [0,∞) → M = {1, 2, · · · ,m} : switching
signal.
Ak = (ak

ij) : thek-th outer coupling configuration

ak
ii = −

N
∑

j=1,j 6=i

ak
ij.
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Networks with switching topology

Thek-th subnetwork

ẋi = f(xi) + c

N
∑

j=1

ak
ijΓxj, i = 1, 2, · · · , N (4)
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Networks with switching topology

Problems

• synchronizable under arbitrary switchings?

• synchronizable by design of a switching law?

Difficulty: hybrid nature

Point of view: Switched system
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Networks with switching topology

Let ṡ(t) = f(s(t)), ηi = xi − s. We have

η̇i = Df(s(t))ηi + c

N
∑

j=1

a
σ(t)
ij Γηj + gi(t, ηi), (5)

where

gi(t, ηi) =

∫ 1

0
(Df(s(t) + τηi) −Df(s(t))) ηidτ.
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Networks with switching topology

Denoteη =
(

ηT
1 , η

T
2 , · · · , ηT

n

)T
, we can obtain

d

dt
η = (IN ⊗Df(s) + cAσ ⊗ Γ) η + g(t, η) (6)

whereIN : theN -order identity matrix,

g(t, η) = (g1(t, η1)
T , · · · , gN (t, ηN)T )T ,

⊗ : Kronecker products of matrices.
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Networks with switching topology

Droppingg(t, η) ⇒the linearized network dynamics:

d

dt
η = (IN ⊗Df(s) + cAσ ⊗ Γ) η. (7)

If Ak are diagonalizable, then there exist non-singular
matricesΦk such that

Φ−1
k AkΦk = diag{λk

1, λ
k
2, · · · , λk

N}, (8)

whereλk
i are eigenvalues ofAk.
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Networks with switching topology

If we set

wk =
(

(wk
1)

T , (wk
2)

T , · · · , (wk
N)T

)T
=

(

Φ−1
k ⊗ In

)

η,

then, underwk-coordinates, thek-th subnetwork of (4) is

ẇk =
(

IN ⊗Df(s(t)) + c(Φ−1
k AkΦk) ⊗ Γ

)

wk, (9)

or equivalently,

ẇk
i =

(

Df(s(t)) + λk
i cΓ

)

wk
i , i = 1, 2, · · · , N. (10)
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Networks with switching topology

Diagonalizing individualAk ⇒checking
synchronizability of thek-th subnetwork

Simultaneously diagonalizingAk ⇒checking
synchronizability of the switched network. But too
strict.

Adoption of a weaker condition: Simultaneous
triangularizability
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Networks with switching topology

Proposition 2.1. Suppose that there exists a
nonsingular matrixΦ = (φij)N×N with
Φ−1 = (ψij)N×N such that

Φ−1AkΦ =











bk11, bk12, bk13, · · · bk1N

0, bk22, bk23, · · · bk2N
... ... .. . ...
0, 0, 0, · · · bkNN











= Λk,

(11)
with bkii = λk

i the eigenvalues ofAk.
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Networks with switching topology

Then, (5) can be expressed as

ẇ1 =
(

Df + λk
1cΓ

)

w1 + bk12cΓw2 + · · · + bk1NcΓwN

+ψ11g1(t, η1) + · · · + ψ1NgN(t, ηN ),

ẇ2 =
(

Df + λk
2cΓ

)

w2 + bk23cΓw3 + · · · + bk2NcΓwN

+ψ21g1(t, η1) + · · · + ψ2NgN(t, ηN ),

· · ·
ẇN−1 =

(

Df + λk
N−1cΓ

)

wN−1 + bk(N−1)NcΓwN

+ψ(N−1)1g1(t, η1) + · · · + ψ(N−1)NgN(t, ηN ),

ẇN =
(

Df + λk
NcΓ

)

wN + ψN1g1(t, η1) + · · ·
+ψNNgN(t, ηN).

(12)
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Networks with switching topology

In particular, the linearized network (7) can be expressed
by

ẇ1 =
(

Df + λk
1cΓ

)

w1 + bk12cΓw2 + · · ·
+bk1NcΓwN ,

ẇ2 =
(

Df + λk
2cΓ

)

w2 + bk23cΓw3 + · · ·
+bk2NcΓwN ,

· · ·
ẇN−1 =

(

Df + λk
N−1cΓ

)

wN−1 + bk(N−1)NcΓwN ,

ẇN =
(

Df + λk
NcΓ

)

wN .

(13)
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Arbitrary switchings

Proposition 3.1. Global synchronization of (3) is
achieved under an arbitrary switching signalσ(t) if there
exists anN × nN positive definite matrix
P (t) ∈ PC1

nN×nN satisfying

ηT (Ṗ + (I ⊗Df(s(t)) + cAi ⊗ Γ)TP

+P (I ⊗Df(s(t)) + cAi ⊗ Γ))η

+2ηTPg(t, η) < 0, ∀t ≥ 0, η 6= 0, i = 1, 2, · · · ,m.
(14)
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Arbitrary switchings

If instead,

Ṗ + (I ⊗Df(s(t)) + cAi ⊗ Γ)T
P

+P (I ⊗Df(s(t)) + cAi ⊗ Γ) < 0, i = 1, 2, · · · ,m

holds, then the network (3) locally synchronizes under
arbitrary switching.
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Arbitrary switchings

Remark

• ηTPη : a common Lyapunov function

• how to construct such aP?
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Arbitrary switchings

Theorem 3.2. Suppose:
(i) there existsΦ = (φij)N×N with Φ−1 = (ψij)N×N

which makes (11) hold.
(ii) there exist positive definite matrixPi(t) ∈ PC1

n×n,
constantsαi > 0 such that

Ṗi(t) +
(

Df(s(t)) + cλk
i Γ

)T
Pi

+Pi

(

Df(s(t)) + cλk
i Γ

)

+αiI < 0, 1 ≤ i ≤ N, 1 ≤ k ≤ m.

(15)

(iii) there exist a constantl > 0 such that

‖gi(t, ηi)‖ ≤ l‖ηi‖. (16)
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Arbitrary switchings

Define:

ᾱi = αi − 2l‖Pi‖
∑N

k=1 |ψikφki| , δ1 = 1, P̄1 = δ1P1,

µ1j = 2 max
1≤q≤m

∣

∣b
q
1jc

∣

∣ δ1‖P1Γ‖ + 2lδ1‖P1‖
N

∑

k=1

|ψ1kφkj| .
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Arbitrary switchings

If we haveδi−1, P̄i−1 andµ(i−1)j, we now define

δi =
(N − 1)

2ᾱi

∑

p<i

µ2
pi

ᾱp

+ 1, P̄i = δiPi

µij = 2 max
1≤q≤m

∣

∣b
q
ijc

∣

∣ δi‖PiΓ‖ + 2lδi‖Pi‖
N

∑

k=1

|ψikφkj| .

If ᾱi > 0 andᾱi − (N − 1)
∑

j>i

µ2
ji

ᾱj

> 0 for

i = 1, 2, · · · , N, then the dynamical network (3) globally
synchronizes under arbitrary switching.
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Design of switching laws

None of subnetworks are synchronizable

Single Lyapunov function

Multiple Lyapunov functions
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Design of switching laws

Single Lyapunov function

Proposition 4.1. Let P (t) ∈ PC1
nN×nN be a positive

definite matrix. If the sets

Ωk = {(t, η)|ηT (Ṗ + (I ⊗Df(s(t)) + cAk ⊗ Γ)TP

+P (I ⊗Df(s(t)) + cAk ⊗ Γ))η < 0}

make a partition of[0,∞) ×RnN , i.e.,
⋃m

k=1 Ωk = [0,∞) ×RnN , then, synchronization of
(3) is achieved under the switching law

σ = σ(t, η) = i, if (t, η) ∈ Ωi. (17)
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Design of switching laws

Question: How to find such aP?
Proposition 4.2. Let Ā =

∑m
k=1 αkAk with αk ≥ 0

and
∑m

k=1 αk = 1. If P (t) ∈ PC1
nN×nN satisfies

Ṗ +
(

I ⊗Df(s(t)) + cĀ⊗ Γ
)T
P

+ P
(

I ⊗Df(s(t)) + cĀ⊗ Γ
)

< 0,
(18)

then, synchronization of (3) is achieved under

σ(t, η)

= arg min
1≤k≤m

{ηT (Ṗ + (I ⊗Df(s(t)) + cAk ⊗ Γ)TP

+P (I ⊗Df(s(t)) + cAk ⊗ Γ))η}.
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Design of switching laws

Theorem 4.3. Let Ā =
∑m

k=1 αkAk with αk ≥ 0 and
∑m

k=1 αk = 1 be triangularizable. IfPi(t) ∈ PC1
n×n

satisfy

Ṗi(t) + (Df(s(t)) + cλiΓ)T
Pi

+ Pi (Df(s(t)) + cλiΓ) < 0, 1 ≤ i ≤ N,
(20)

whereλi are eigenvalues of̄A, then, the network (3)
synchronizes under some switching law.
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Design of switching laws

Multiple Lyapunov functions

Before studying synchronization using multiple
Lyapunov functions, we present a stabilizing
switching law for the switched system

ẋ = fσ(t, x) (21)

Let Vi(t, x), µij(t, x), i, j = 1, 2, · · · ,m, be
continuous functions satisfying

µij(t, x)+µjk(t, x) ≤ min{0, µik(t, x)}, ∀x, t, i, j, k.
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Design of switching laws

Define sets:

Ωi(t)

= {x | Vi(t, x) − Vj(t, x) + µij(t, x) ≤ 0, j = 1, · · · ,m},
(22)

∼
Ωij (t)

= {x | Vi(t, x) − Vj(t, x) + µij(t, x) = 0}, j 6= i.

(23)
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Design of switching laws

Design a switching law:

σ(t) = i if σ(t−) = i and x(t) ∈ int Ωi(t),

σ(t) = j if σ(t−) = i and x(t) ∈
∼
Ωij (t).

(24)
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Design of switching laws

Figure 1: The switching law (24)
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Design of switching laws

Theorem 4.6: Suppose that there exist positive definite
smooth functionsVi(t, x), non-negative definite
functionsκi, classK functionsφi, ψi, continuous
functionsβij(t, x) ≤ 0, δij(t, x) ≤ 0, smooth functions
µij(t, x) with µij(0) = 0 andµii(x) = 0, such that

φi(‖x‖) ≤ Vi(t, x) ≤ ψi(‖x‖), i = 1, 2, · · · ,m, (25)

m
∑

j=1

βij(t, x) (Vi(t, x) − Vj(t, x) + µij(t, x))

+∂Vi

∂t
(t, x) + LfiVi(t, x) ≤ −κi(‖x‖),

∀t, x, i = 1, 2, · · · ,m,

(26)
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Design of switching laws

∂µik

∂t
(t, x) + Lfiµik(t, x)

+
m

∑

j=1

δij(t, x) (Vi(t, x) − Vj(t, x) + µij(t, x))

≤ 0,∀t, x, i, k = 1, 2, · · · ,m

(27)

µij(t, x) + µjk(t, x) ≤ min{0, µik(t, x)}, ∀t, x, i, j, k.
(28)

Also, assume that the switching law (24) is applied and
no sliding modes occur. Then, the origin of the system
(21) is stable. Moreover, asymptotic stability is assured if
κi are also classK functions.
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Design of switching laws

Proposition 4.9: Suppose that there exist positive
definite matricesP k(t) ∈ PC1

nN×nN , symmetric matrices
Qjk ∈ PC1

nN×nN with Qjj = 0, continuous functions
βij(t) ≤ 0, δij(t) ≤ 0, such that

P k(IN ⊗Df + cAk ⊗ Γ) + (IN ⊗Df + cAk ⊗ Γ)TP k

+Ṗ k +
∑m

j=1 β
kj(P k − P j +Qkj) < 0,

(29)
Qkq(IN ⊗Df + cAk ⊗ Γ) + (IN ⊗Df + cAk ⊗ Γ)TQkq

+Q̇kq +
∑m

j=1 δ
kj(P k − P j +Qkj) < 0,

(30)
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Design of switching laws

Qjk +Qkq −Qjq ≤ 0,∀j, k, q, (31)

Qjk +Qkq ≤ 0,∀j, k, q. (32)

Let Vi(t, η) = ηTP iη andµij = ηTQijη. If the switching
law (24) is applied and no sliding modes occur, then, the
network (3) synchronizes.
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Design of switching laws

Theorem 4.10: Suppose thatAk are simultaneously
triangularizable, i.e. (11) holds for some nonsingular
matrixΦ. Also, assume that forj, k, q = 1, 2, · · · ,m,
i = 1, 2, · · · , N, there exist positive definite matrices
P k

i (t) ∈ PC1
n×n, symmetric matricesQjk

i ∈ PC1
n×n with

Q
jj
i = 0, continuous functionsβij(t) ≤ 0, δij(t) ≤ 0,

such that

Ṗ k
i + P k

i (Df + λk
i cΓ) + (Df + λk

i cΓ)TP k
i

+
∑m

j=1 β
kj(P k

i − P
j
i +Q

kj
i ) < 0,

(33)
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Design of switching laws

Q̇
kq
i +Q

kq
i (Df + λk

i cΓ) + (Df + λk
i cΓ)TQ

kq
i

+
∑m

j=1 δ
kj(P k

i − P
j
i +Q

kj
i ) < 0,

(34)

Q
jk
i +Q

kq
i −Q

jq
i ≤ 0, (35)

Q
jk
i +Q

kq
i ≤ 0, (36)

whereλk
i are eigenvalues ofAk.

ChooseP k =
(

(ΦT )−1 ⊗ IN
)

P̄ k
(

Φ−1 ⊗ IN
)

and
Qkq =

(

(ΦT )−1 ⊗ IN
)

Q̄kq
(

Φ−1 ⊗ IN
)

with
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Design of switching laws

P̄ k = diag
{

P k
1 , dP

k
2 , · · · , dN−1P k

N

}

,

Q̄kj = diag
{

Q
kj
1 , dQ

kj
2 , · · · , dN−1Q

kj
N

}

,

for d > 0 large enough.
Let Vi(t, η) = ηTP iη andµij = ηTQijη. If the switching
law (24) is applied and no sliding modes occur, then
there exists a switching law under which the network (3)
synchronizes.
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Examples

Example 1.

ẋi = f(xi) +
10

∑

j=1

ak
ijxj, i = 1, 2, · · · , 10, k = 1, 2,

where,xi = (xi1, xi2, xi3)
T ,

f(xi) =





−2xi1 + xi2 + sin(xi2)

−2xi2 + xi3 + sin(xi3)

−2xi3



 , Γ = I3,
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Examples

A1 =















































−1 0 0 0 0 1 0 0 0 0

0 −3 0 1 1 0 0 0 0 1

0 0 0.5 0 0 0 0 −0.5 0 0

0 0 0 −3 0 1 1 0 0 1

0 0 0 0 0.5 0 0 0 −0.5 0

0 0 0 0 0 0.5 0 −0.5 0 0

0 0 0 0 0 0 −2 0 1 1

0 0 0 0 0 0 0 −1 0 1

0 0 0 0 0 0 0 0 −2 2

0 0 0 0 0 0 0 0 0 0














































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Examples

A2 =















































−2 0 0 0 1 0 1 0 0 0

0 −1 0 0 0 1 0 0 0 0

0 0 −1 0 1 0 0 0 0 0

0 0 0 0.5 −0.5 0 0 0 0 0

0 0 0 0 −4 1 1 1 1 0

0 0 0 0 0 −1 0 0 0 1

0 0 0 0 0 0 −2 1 1 0

0 0 0 0 0 0 0 −2 1 1

0 0 0 0 0 0 0 0 −0.5 0.5

0 0 0 0 0 0 0 0 0 0















































Synchronization under arbitrary switchings is achieved.
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Examples
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Fig. 1. The synchronization errors of the switched network
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Examples

Example 2.f andΓ are the same as in Example 1.
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Obviously, neither subnetwork 1 nor subnetwork 2 is

synchronizable.
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Fig. 3. The synchronization errors of the subnetwork 1
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Fig. 4. The synchronization errors of the subnetwork 2
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Fig. 5. The synchronization errors of the switched network.
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Fig. 6. The switching signal

Synchronization of Complex Dynamical Networks with Switching Topology: a Switched System Point of View – p. 50/59



Examples

Example 3.f andΓ are the same as in Example 1.
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Obviously, neither subnetwork 1 nor subnetwork 2 is

synchronizable.
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Fig. 7. The synchronization errors of the subnetwork 1
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Fig. 8. The synchronization errors of the subnetwork 2
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Fig. 9. The synchronization errors of the switched network
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Fig. 10. The switching signal
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Conclusions

Switched system viewpoint

Simultaneous triangularization

Global synchronization

Arbitrary switchings⇒ improving other
performance

Design of switching laws⇒ increasing the
possibility of synchronizability
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Future work

How to improve network performance by switching?

Design of switching and controllers–dual tasks

How to deal with constraints by design of switching?

How to adopt “local" information?

Computation
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Thank you
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